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1. Introduction
We consider the problem
u = p(x)uα + q(x)uβ, x ∈ RN (N  3), (1)
u(x) → ∞, |x| → ∞, (2)
where the nonnegative functions p and q are locally Hölder continuous on RN , have the property that min{p(x),q(x)} is
c-positive RN (i.e., if min{p(x),q(x)} vanishes at any point x0, then there is an open set Ω in RN containing x0 such that
it is positive for all x on the boundary of Ω), and 0 < α  β . We call positive solutions to (1) that satisfy (2) positive
entire large solutions (PELS) of (1). Such problems arise in Riemannian geometry when studying conformal deformation of
a metric with prescribed scalar curvature [13] and in the study of large solutions of elliptic systems [9]. Our purpose here
is to establish conditions on p and q which ensure the existence or nonexistence of PELS of (1).
The vast majority of papers studying nonnegative entire large solutions for semilinear equations consider equations of
the form
u = p(x) f (u), (3)
where f is nondecreasing. (See, for example, [1,2,5–8,10,12,14,16] and references therein.) The existence and nonexistence
of PELS for (3) when f (s) = sa (a > 0) can be fairly easily characterized. Indeed for the superlinear case (a > 1) Eq. (3) has
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∞∫
0
rMp(r)dr < ∞ where Mp(r) ≡ max|x|=r p(x). (4)
On the other hand, it will not generally have a solution if
∞∫
0
rmp(r)dr = ∞ where mp(r) ≡ min|x|=r p(x). (5)
(The only speciﬁc cases known to me where this has been established (see, e.g., [3]) require mp to satisfy additional
constraints such as nonincreasing and limr→∞ r2mp(r) > 0.) The sublinear case (a  1) behaves generally in the opposite
manner; i.e., it will have no PELS if (4) holds (see [6, Theorem 4]) but will have one if (5) holds, provided p is appropriately
asymptotically radial [2,10].
The purpose of this paper is to establish similar results for (1). Our primary interest is in the mixed case in which
0<α  1< β with p satisfying (5) while q satisﬁes
∞∫
0
rMq(r)dr < ∞ where Mq(r) ≡ max|x|=r q(x). (6)
In this case, there is no PELS in general, as we show in the proposition below. In particular, we show that the equation
u = u + e−|x|uβ (β > 2) (7)
has no PELS. This is somewhat surprising since both u = u and u = e−|x|uβ have PELS. We then show (Theorem 1) that
if the coeﬃcient on uβ decays at a much faster rate as |x| → ∞ (far faster than, for example, condition (6) mandates), then
a nonnegative entire large solution does exist. Next we show that if u = q(x)uβ (β > 1) has no PELS, then neither does (1)
(Theorem 2). Finally, for the purely sublinear case (0<α  β  1), we show that if p satisﬁes (5), q satisﬁes
∞∫
0
rmq(r)dr = ∞ where mq(r) ≡ min|x|=r q(x) (8)
and both p and q have appropriate asymptotic behavior (Theorem 3), then Eq. (1) will have a positive entire large solution.
We note that these results complement some that have already been established. In particular, if p and q satisfy (4) and (6),
then it is known that (1) will have no PELS for the purely sublinear case [15] but will if β > 1 [9,15]. Thus for the purely
sublinear case, Eq. (1) behaves much like (3).
Finally, we note that although the bulk of articles on positive entire large solutions for Eq. (3) require f to be monotonic,
there are two exceptions [4,11].
2. Main results
We begin by showing that no PELS exists for (7) demonstrating that the existence of a PELS for both u = p(x)uα and
u = q(x)uβ does not necessarily mean that (1) will have one. This is rather surprising since, in the bounded domain case,
the existence of a nonnegative large solution for either equation alone will guarantee the existence of a nonnegative large
solution for (1).
Proposition. Eq. (7) has no PELS.
Proof. Suppose (7) does indeed have a solution v . In such case it has a spherically symmetric (or radial) solution u which
will satisfy the integral equation
u(r) = u0 +
r∫
0
t1−N
t∫
0
sN−1
(
u(s) + e−suβ(s))dsdt, (9)
where 0< u0 < v(0). Indeed, if (9) did not have a positive solution valid for all r > 0, its solution u, since it is an increasing
function, would blow up at some R > 0 so that u would be a positive radial large solution of (7) on the ball |x|  R and
would, of necessity, satisfy v  u on |x| R , contradicting the fact that u(0) < v(0). Therefore, since u satisﬁes (9), we have
u(r) u0 +
r∫
t1−N
t∫
sN−1u(s)dsdt.0 0
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right-hand side as before to get
u(r) u0
(
1+ r
2
2N
+ r
4
23N(N + 2)
)
.
Continuing this process we get
u(r) u0
∞∑
k=0
r2k
2kk!N(N + 2) · · · (N + 2k − 2) .
The expression on the right-hand side can be rewritten to produce
u(r) u0Γ (N/2)
∞∑
k=0
1
k!Γ ( N2 + k)
(
r
2
)2k
= c0r−γ Iγ (r),
where c0 = u0Γ (N/2), γ = N2 − 1 and Iγ is the modiﬁed Bessel function with index γ . For large r it is well known that
there is a positive constant δ such that
Iγ (r) δer/
√
r
so that u(r)  cδr−γ−1/2er for large r where cδ = δc0. Thus there exists ε > 0 small such that u(r)  ε(1 + e(1−ε)r) for
all r  0. We will assume that ε > 0 so small that β − 11−ε > 1. Now let vk be a nonnegative solution to the problem
(ζ = β − 11−ε > 1, a = ε1/(1−ε))
vk = avζk on |x| < k,
which satisﬁes lim|x|→k vk(x) = ∞. Then the nonnegative sequence {vk} is monotonically decreasing and thus converges to
a function v on RN . We will now show that u  v and hence v is a positive entire large solution of
v = avζ ,
which is an impossibility since this equation has no such solution [5,14]. To show that u  v , we show that u  vk on |x| k
for all k. Thus suppose there is a k such that max|x|k(u(x)− vk(x)) > 0. Since this maximum cannot occur on |x| = k, there
must be an x0 such that |x0| < k where it does occur. At this point, we have
0(u − vk) = u + e−|x0|uβ − avζk = u + e−|x0|u1/(1−ε)uζ − avζk
 u + e−|x0|(ε(1+ e(1−ε)|x0|))1/(1−ε)uζ − avζk  u + auζ − avζk > 0,
which is a contradiction. Thus u  vk for all k and hence u  v on RN so we obtain our contradiction. This proves the
proposition. 
We now show more generally that if the coeﬃcient on uβ in (7) were to decay much more rapidly to zero as |x| → ∞,
then a large solution would, in fact, exist.
Theorem 1. Suppose 0<α  1< β and p satisﬁes
∞∫
0
rMp(r)dr = ∞. (10)
Suppose furthermore that q satisﬁes
∞∫
0
rg(r)dr < ∞, (11)
where
g(r) = Mq(r)exp
{
β − 1
N − 2
r∫
0
sMp(s)ds
}
. (12)
Then (1) has a nonnegative entire large solution.
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|x| → ∞. Before proving this theorem, we need to establish the following lemma.
Lemma. Suppose β > 1, q satisﬁes (11) and p satisﬁes (10). Then the equation
z = Mp
(|x|)z + Mq(|x|)zβ (13)
has a positive radial entire large solution.
Remark. Notice that this lemma shows that if the coeﬃcient on uβ in (7) were, for example, e−|x|b (b > 2) instead of e−|x| ,
then a PELS would exist.
Proof. Since p satisﬁes (10), we have that the equation
h = Mp(r)h
has a positive radial entire large solution [8], h, which satisﬁes
h(r) = 1+
r∫
0
t1−N
t∫
0
sN−1Mp(s)h(s)dsdt.
From [8, Eq. (9)], it is clear that
h(r) 1+ 1
N − 2
r∫
0
sMp(s)h(s)ds.
Applying Gronwall’s inequality and elementary analysis, we get (K (s) ≡ sMp(s)/(N − 2))
h(r) 1+
r∫
0
K (s)e
∫ r
s K (ξ)dξ ds = 1+
r∫
0
− d
ds
e
∫ r
s K (ξ)dξ ds = e
∫ r
0 K (ξ)dξ . (14)
Now let w be a positive radial entire large solution of
w = g(|x|)wβ,
where g comes from (12). Thus w satisﬁes
w(r) = w0 +
r∫
0
t1−N
t∫
0
sN−1g(s)wβ(s)dsdt (15)
for some positive w0. We note that w exists [7] since g satisﬁes (11). We now show that (13) has a PELS by proving that
the integral equation
z(r) = z0 +
r∫
0
t1−N
t∫
0
sN−1
(
Mp(s)z(s) + Mq(s)zβ(s)
)
dsdt (16)
has, for an appropriately chosen positive value for z0, a positive solution valid for all nonnegative r. If we can do this, then
the solution z will of necessity be large since [8]
z(r) z0 +
r∫
0
t1−N
t∫
0
sN−1Mp(s)z(s)dsdt  z0 + z0
r∫
0
t1−N
t∫
0
sN−1Mp(s)dsdt → ∞
as r → ∞. To show that (16) has a solution valid for all r  0, we let z0 ∈ (0,w0) where w0 comes from (15). Then it is
clear that a solution to (16) exists on some, perhaps quite small, interval. We show that this interval is, in fact, [0,∞). To
do this, we shall show that z(r) h(r)w(r) for all r  0. Thus we deﬁne R as
R = sup{r0 ∈ (0,∞) ∣∣ z(r) h(r)w(r) for all r ∈ [0, r0]}. (17)
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z(R) = z0 +
R∫
0
t1−N
t∫
0
sN−1
(
Mp(s)z(s) + Mq(s)zβ(s)
)
dsdt
< w0 +
R∫
0
t1−N
t∫
0
sN−1
(
w(s)Mp(s)h(s) + Mq(s)hβ(s)wβ(s)
)
dsdt
= w0 +
R∫
0
t1−N
t∫
0
sN−1
(
w(s)Mp(s)h(s) + h(s)Mq(s)hβ−1(s)wβ(s)
)
dsdt.
Using the estimate (14) in the term hβ−1, we get
z(R) < w0 +
R∫
0
t1−N
t∫
0
sN−1
(
w(s)Mp(s)h(s) + h(s)g(s)wβ(s)
)
dsdt. (18)
However, we note that since the derivatives h′ and w ′ are nonnegative, we get
(hw) = wh + hw + N − 1
r
h′w ′  wh + hw = wMph + hgwβ,
which, in radial form, produces (rN−1(hw)′)′  rN−1(wMph + hgwβ). We can now integrate this using h(0) = 1, h′(0) =
w ′(0) = 0, and w(0) = w0 to get (for all r  0)
h(r)w(r) w0 +
r∫
0
t1−N
t∫
0
sN−1
(
w(s)Mp(s)h(s) + h(s)g(s)wβ(s)
)
dsdt.
Combining this with (18), we get z(R) < h(R)w(R). Thus there exists ε > 0 such that z(r) < h(r)w(r) on [0, R + ε], con-
tradicting the deﬁnition of R given in (17). Thus z  hw for all r and hence (13) has a positive entire large solution. This
completes the proof. 
Proof of Theorem 1. From the preceding lemma, we know that
z = Mp(r)z + Mq(r)zβ
has a positive radial entire large solution. Furthermore, for each natural number n, the problem
un = p(x)uαn + q(x)uβn , |x| < n,
lim|x|→n un(x) = ∞
has a nonnegative solution. We note that this is easily proven using the upper/lower solution method since the methods
of [6] can be used to show that the equations w = (Mp +Mq)(wα +wβ) and v =mqvβ have nonnegative large solutions
on |x|  n with w  v . The desired solution un then lies between v and w . We now show that z  un + 1 on |x|  n. To
do this we use a typical Maximum Principle argument. We ﬁrst note that clearly z < un + 1 for |x| = n, and suppose
max|x|n(z(x) − un(x) − 1) > 0. This maximum will necessarily occur at some point x0 for which |x0| < n and at that point
we have (note that z(x0) > zα(x0) since z(x0) > un(x0) + 1> 1)
0(z − un − 1) =
(
Mpz + Mqzβ
)− (puαn + quβn ) Mp(zα − uαn )+ Mq(zβ − uβn )> 0,
a contradiction. Hence z un + 1 on |x| n. Since {un} is a nonnegative decreasing sequence, it converges to a nonnegative
function u and z − 1  u. Thus lim|x|→∞ u(x) = ∞ since z is large. A standard regularity argument will show that u is a
classical solution of (1). This completes the proof. 
To complete our work for the case β > 1, we give two nonexistence results.
Theorem 2. Suppose the equation
v = q(x)vβ, β > 1, (19)
has no PELS. Then Eq. (1) has no PELS.
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vk = q(x)vβk for |x| < k, lim|x|→k vk(x) = ∞.
Then the sequence {vk} is decreasing and u  vk on |x|  k for all k ∈ N. Thus {vk} converges to a function, v , on RN
and u  v on RN . Since u is nonnegative and u(x) → ∞ as |x| → ∞, the function v has the same properties. A standard
regularity argument can be used to show that the function v is a nonnegative entire large solution of (19) which, by
hypothesis, has none. This completes the proof. 
Corollary. Suppose the function q satisﬁes (8), mq(r) is nonincreasing for large r and
lim sup
r→∞
r2mq(r) > 0.
Then (1) has no positive entire large solution.
Proof. From [3, Theorem 3.1], Eq. (19) has no PELS so by Theorem 2, Eq. (1) has none. 
We now establish an important result for the purely sublinear problem (0 < α  β  1) by giving a necessary and
suﬃcient condition for Eq. (1) to have a solution. We note that it is similar to the same result for (3) given in [10]. We
also mention that if either p satisﬁes (5) or q satisﬁes (8), then Theorem 3 provides suﬃcient conditions for Eq. (1) to have
a PELS.
Theorem 3. Suppose 0<α  β  1, h(r) ≡ Mp(r) + Mq(r) −mp(r) −mq(r), and
∞∫
0
rh(r)Ψ (r)dr < ∞, (20)
where
Ψ (r) = exp
{
1
N − 1
r∫
0
s
(
mp(s) +mq(s)
)
ds
}
.
Then Eq. (1) has a PELS if and only if
∞∫
0
r
(
mp(r) +mq(r)
)
dr = ∞. (21)
Proof. The proof is similar to that for u = p(x) f (u) where sups1 f (s)/s < ∞ [10] and therefore we merely highlight the
differences in the two proofs. The proof hinges on an upper and lower solution argument and a key part of the proof is to
show (see [10, Lemma 1]) that the equations
v = Mp
(|x|)vα + Mq(|x|)vβ, w =mp(|x|)wα +mq(|x|)wβ (22)
have PELS for which v  w . Completion of the proof is then virtually identical to [10] (see [10, proofs of Lemma 2 and the
theorem]) and need not be repeated here. To show that Eqs. (22) have PELS for which v  w , we show that there exists a
number b > 1 such that the integral equations
v(r) = 1+
r∫
0
s1−N
s∫
0
tN−1
[
Mp(t)v
α(t) + Mq(t)vβ(t)
]
dt ds, (23)
w(r) = b +
r∫
0
s1−N
s∫
0
tN−1
[
mp(t)w
α(t) +mq(t)wβ(t)
]
dt ds (24)
have positive solutions valid for all r  0 with v  w . We note that the condition (21) means that these entire solutions
will be PELS. To establish that both integral equations have positive solutions for all r  0, we note that the proof is again
quite similar to that of [10]. Indeed, we let v0 = 1 and deﬁne the sequence {vn} iteratively by
vk+1(r) = 1+
r∫
s1−N
s∫
tN−1
[
Mp(t)v
α
k (t) + Mq(t)vβk (t)
]
dt ds. (25)0 0
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vk+1(r) 1+
r∫
0
s1−N
s∫
0
tN−1
[
Mp(t) + Mq(t)
]
vk(t)dt ds. (26)
As in [10], it is now easy to show that
vk(r) eMr for 0 r  R, k 1,
where M ≡ 1N−1 max0rR r[Mp(r) + Mq(r)]. Thus the sequence {vk} is increasing and locally bounded and therefore con-
verges on RN . Furthermore its limit v is a solution to (23). A similar argument shows that (24) has a solution, w . The only
thing left is to show the existence of b > 1 such that v  w on RN . In fact, we choose
b > 1+ K
N − 1
∞∫
0
sh(s)Ψ (s)ds,
where
K = exp
{
1
N − 1
∞∫
0
th(t)dt
}
and show that this works. To do this, we deﬁne
R∞ = sup
{
R > 0
∣∣ v(r) < w(r) for all r ∈ [0, R]}
and show that R∞ = ∞. Thus suppose R∞ < ∞ and note that since v  w on [0, R∞], we use the fact that v  1 and the
deﬁnition of h to get
v(R∞) = 1+
R∞∫
0
s1−N
s∫
0
tN−1
[(
Mp(t) −mp(t)
)
vα(t) + (Mq(t) −mq(t))vβ(t)]dt ds
+
R∞∫
0
s1−N
s∫
0
tN−1
[
mp(t)v
α(t) +mq(t)vβ(t)
]
dt ds
 1+
R∞∫
0
s1−N
s∫
0
tN−1h(t)v(t)dt ds +
R∞∫
0
s1−N
s∫
0
tN−1
[
mp(t)v
α(t) +mq(t)vβ(t)
]
dt ds
 1+
R∞∫
0
s1−N
s∫
0
tN−1h(t)v(t)dt ds +
R∞∫
0
s1−N
s∫
0
tN−1
[
mp(t)w
α(t) +mq(t)wβ(t)
]
dt ds. (27)
Following the proof in [10] (see Eqs. (13) and (15)), it can be shown that the inequality
v(r) = 1+
r∫
0
s1−N
s∫
0
tN−1
[
Mp(t)v
α(t) + Mq(t)vβ(t)
]
dt ds 1+ 1
N − 1
r∫
0
s
[
Mp(s) + Mq(s)
]
v(s)ds
produces the estimate
v(r) KΨ (r).
Replacing v in (27) with this expression and using inequality (13) from [10] (valid for arbitrary ψ and g) gives
v(R∞) 1+ K
N − 1
R∞∫
0
th(t)Ψ (t)dt +
R∞∫
0
s1−N
s∫
0
tN−1
[
mp(t)w
α(t) +mq(t)wβ(t)
]
dt ds
< b +
R∞∫
0
s1−N
s∫
0
tN−1
[
mp(t)w
α(t) +mq(t)wβ(t)
]
dt ds = w(R∞).
Thus there must exist R > R∞ such that v < w on [0, R], contradicting the deﬁnition of R∞ . Therefore we must have
R∞ = ∞ and hence v  w on RN . This completes the proof. 
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